We point out a simple relation between the bulk field at an arbitrary radial position and the boundary OPE, by placing some old work by Ferrara, Gatto, Grillo and Parisi in the AdS/CFT context. This gives us, in principle, a prescription for extracting the classical bulk field from the boundary conformal block, and also clarifies why the latter is computed by a geodesic Witten diagram. We apply this prescription to the BTZ black hole -viewed as a pure state created by the insertion of a heavy operator in the boundary CFT 2 -and use it to relate a classical field in the bulk to a heavy-light Virasoro conformal block in the boundary. In particular, we obtain a relation between the radial bulk position and the conformal ratios in the boundary CFT. We use this to show that the singular points of the radial bulk equation occur when the dual boundary operators approach each other and that the associated bulk monodromies map to monodromies of the (appropriately transformed) conformal block, thus providing a CFT interpretation of the radial monodromy.
Introduction
One of the most basic tools for exploring the internal structure of black holes is via scattering of light fields. For example, scattering in a black hole background readily reveals holographic features, such as the well-known connection between greybody factors and thermal CFT Green's functions [1, 2] . Interesting applications include tests of linear stability of solutions in pure general relativity (see e.g. [3] and references therein) and relaxation times in AdS/CFT [4] . More recent results connect black hole scattering to chaos [5, 6] and to braiding relations in the dual CFT [7] .
One particular, powerful method to study black hole scattering is the monodromy method [8, 9, 10] , which uses the analytic properties of the wave equation in the complexified radial plane to determine the scattering data. The method can generically be applied to a wide class of black hole solutions; in particular, scalar perturbations of four dimensional Kerr [11] and Kerr-de Sitter [12] black holes have their scattering coefficients given implicitly in terms of Painlevé transcendents 1 .
Quite universally, the radial wave equation has singular points at the black hole horizons and infinity, with associated monodromies that encode the thermodynamic properties of the black hole and suggest a dual CFT 2 -like interpretation of generic black holes [14] . However, the precise significance of the singular points and their associated monodromies is not understood from the dual boundary perspective even in the simple case of the BTZ black hole, where the holographic dual is exactly a CFT 2 .
In order to understand the CFT significance of the singular points, one needs an expression for the bulk field at some arbitrary radial position r in terms of purely boundary quantities. The best-known CFT representation of the bulk field is given by the HKLL prescription [15, 16, 17, 18, 19] , which uses the bulk-to-boundary Green's function in the background of interest to express an operator in the interior of AdS in terms of its boundary values. This construction is clearly background -and thus state -dependent (there is further state dependence if one passes behind the black hole's horizon [20, 21] ); moreover, since it takes the bulk solution as an input, this prescription cannot be used to extract the meaning of the radial direction from the CFT perspective.
The main purpose of this paper is to propose an interpretation of the bulk field in BTZ that mostly uses CFT input, leading to an identification between the radial plane in the bulk and the plane of the boundary CFT, as well as a relation between the classical bulk field and the boundary conformal block. We then use this to map the singular points of the bulk wave equation to situations where the boundary operators approach each other, and to relate the associated bulk and boundary monodromies.
Our starting point is a relation between the bulk field and the boundary OPE that first appeared in the works of Ferrara, Gatto, Grillo and Parisi [22, 23] (without the AdS interpretation) and was indirectly used in the recent proposal [24] that conformal blocks are computed by geodesic Witten diagrams. Basically, [22] found it most convenient to express the contribution of the conformal family of a primary operator O of dimension ∆ to the OPE of two scalar operators A, B as is the Euler beta function of the respective arguments. We have set the fusion coefficient C O AB = 1 and we have slightly generalised the formula of [22] to arbitrary CFT dimension, d. For x 2 spacelike and p 2 timelike, one immediately recognises the expression under the integral to be the free bulk field Φ where y(λ) = (z(λ), x(λ)) is the bulk position evaluted along the geodesic γ AB . It should then not be surprising that the four-point global conformal block simply corresponds to the bulk-to-bulk propagator Φ (0) Φ (0) with endpoints integrated over the geodesics pairwise uniting the positions of the external operators, yielding the geodesic Witten diagram prescription of [24] .
According to the above relation, the bulk field is simply a convenient way to encode the conformal family of the primary operator O that appears in the OPE of two boundary operators 2 . The conformal Casimir equation satisfied by O and its descendants is translated into the wave equation satisfied by the bulk field. Note that (1.3) is simply a kinematical statement, which follows from from the conformal symmetry of the CFT vacuum, and does not use any dynamical CFT information. That is, in any CFT we can write the conformal family of an operator appearing in the OPE of two other operators in terms of a free bulk field in an auxiliary AdS spacetime; however, this bulk field will in general not be causal. Only when the CFT has a large N expansion will the causal bulk field be well approximated by a free one, as the multitrace contributions that are needed to restore causality [25] are suppressed at leading order in 1/N . Given (1.3), one may try to "undo" the OPE of the two boundary operators to obtain the bulk field. More precisely, note that (1.3), upon the substitution t = e −λ , represents the OPE of the boundary operators A, B as the Mellin transform of the free bulk field with respect to ∆ AB . Thus we can define, at least formally, the bulk field evaluated along a boundary-anchored geodesic as the inverse Mellin transform of the OPE with respect to ∆ AB . Note that it does not matter which external operators A, B we use to define the bulk field, as long as the fusion coefficient C O AB = 0; the dependence on ∆ A + ∆ B is only in the overall prefactor, whereas the dependence on ∆ AB is done away via the inverse Mellin transform. This inverse Mellin transform operation may be best justified when it acts inside correlation functions, which can be viewed as functions of the external operator dimensions. It is also interesting to note that while the Mellin transform of the CFT correlators with respect to the spatial coordinates effectively lives in the space of conformal dimensions 3 , here the inverse Mellin transform replaces a relative conformal dimension by an additional spatial coordinate, which can be taken to be the AdS geodesic parameter, λ. This parameter allows us to reach into the bulk, with the maximum bulk penetration (obtained for λ = 0) fixed by the separation of the operators A, B in the CFT. Thus, we obtain a relation between the radial depth in the bulk and the spatial separation in the CFT plane.
The advantage of relating the bulk field to the boundary OPE is that this relation will hold inside arbitrary correlation functions. For example, the correlator Φ (0) AB will be related to the conformal block AB P O CD via a Mellin transform with respect to ∆ CD . This expectation value represents a classical bulk field that is sourced on the geodesic uniting the boundary insertions of C, D [24] . As argued in [24] , performing a geodesic rather than a bulk integral effectively projects the correlator onto the conformal family of a specific operator.
What we have discussed so far is an alternate way to understand the bulk field in vacuum AdS, which gives the same result as the HKLL prescription. However, what we are ultimately interested in is to understand the bulk field in non-trivial backgrounds; we will concentrate on the BTZ black hole [28] for the purposes of this paper. Following e.g. [7, 29] , our model for the BTZ black hole will be that of a pure state created by acting with a heavy CFT operator (i.e., whose (anti)holomorphic dimensions scale as h H ,h H ∼ c) on the CFT vacuum. As argued in a nice series of papers [30, 31] , correlation functions of light operators in the state created by the heavy one behave as thermal correlators, characterised by the left/right temperatures
The gravitational dual of this statement is that the heavy operators backreact on the geometry, creating a BTZ black hole, which is then probed by the light operators. Given that the BTZ black hole is locally equivalent to pure AdS 3 [32] , the free bulk field in this background is simply given by a coordinate transformation of the bulk field sourced on a geodesic in vacuum AdS 3 , and can be interpreted as the bulk field sourced on a "heavy", backreacted geodesic [33] . The same authors show that geodesic Witten diagrams where one of the two geodesics has been backreacted compute heavy-light Virasoro conformal blocks in the dual CFT 2 . All this suggests that we can obtain the free bulk field in BTZ by undoing the integral along the "light" geodesic in the geodesic Witten diagram, which should correspond to undoing the OPE of the light operators inside the heavy-light Virasoro conformal block. This procedure appears to be stateindependent (the inverse Mellin transform acting on the light operators is the same, no matter which heavy operators we choose to create the black hole state), but it produces a bulk field that is explicitly state-dependent, as it encodes all the couplings of the light operators and boundary gravitons to the heavy operators.
It may not be immediately clear why the bulk field obtained via this procedure satisfies the wave equation in BTZ. After all, the Virasoro block, when rewritten in terms of global conformal blocks, consists of an infinite sum over multitrace operators constructed from the exchanged operator O and various powers of the stress tensor. If the wave equation in the bulk is to correspond to the Casimir equation on the boundary, we note that each of the exchanged global blocks satisfies a Casimir equation with a different eigenvalue. However, as shown in [31] , the heavy-light Virasoro block reduces to the global conformal block for O in a conformally transformed background, w. Thus, in the new coordinates, the entire Virasoro block satisfies a Casimir equation with invariant ∆(∆ − 2), which is nothing but the bulk wave equation. A similar identification between the boundary Casimir and the bulk wave equation has previously appeared in [29] , but in the context of a somewhat different construction.
The relation between the bulk field and the heavy-light conformal block yields a new identification between the bulk radial coordinate and the dual CFT conformal cross-ratios. This allows us to find a CFT interpretation of the singular points of the wave equation -which now occur when operators in the block approach each other -and of the associated monodromies.
This paper is organised as follows. In section 2 we review the results of [23] and discuss the relation between the bulk field, the boundary OPE and geodesic Witten diagrams in vacuum AdS. In section 3 we discuss bulk fields in BTZ and their relation to heavy-light Virasoro conformal blocks, in light of the work of [31] . In section 4, we map the singular points of the wave equation in BTZ to special values of the dual CFT conformal ratios and relate the monodromies of the bulk field with those of the boundary conformal block. We conclude with some discussion. In appendix A, we reproduce some details of computation of conformal blocks first presented in [23] .
As this article was nearing completion, [34] appeared, which has some overlap with section 2.
Bulk fields and conformal blocks
In this section, we briefly review the work of [22, 23] and relate it to the recent work [24] , outlining how the bulk field operator and the geodesic Witten diagram appear in their expressions for the boundary OPE and the four-point conformal block, respectively.
Bulk fields from the boundary OPE
The best known way to construct the (normalizable) bulk field operator in AdS in terms of operators in the boundary CFT is the so-called HKLL prescription
where K(z, x|x ) satisfies the free wave equation in the bulk (z, x µ are the usual Poincaré coordinates) and its normalization is fixed such that
This expression (2.1) is best understood by Fourier transforming with respect to the boundary coordinates, case in which [17] 
The HKLL bulk field also receives multitrace contributions that are subleading in 1/N [25] . The superscript (0) on Φ (0) indicates that we are only considering the leading contribution, i.e. the exactly free bulk field.
In the introduction we remarked the striking similarity between this expression for the bulk field and the integrand appearing in the formula (1.3) for the OPE of two scalar operators. The latter was obtained in [22] via the usual procedure of fixing the descendant terms in the OPE expansion such that the end result matches with the three-point function, whose form is entirely fixed by conformal symmetry. [22] found it useful to express the three-point function in terms of a Schwinger parameter, u, which then also appears in the OPE, and has the interpretation of geodesic parameter in AdS.
The relation (1.3) leads us to interpret the bulk field as the conformal family of O that appears in the OPE of two other primary operators. Note that this interpretation only holds when the operators are spacelike separated. When the boundary points are not spacelike separated, one cannot extract the bulk field from the OPE, as the corresponding field in AdS would have spacelike momentum, and would thus be unphysical. In the case of CFT 1 , where the boundary operators can only be timelike separated, (1.3) is replaced by an even simpler relation between the bulk field and the boundary OPE, which we will now derive. Incidentally, this CFT 1 relation also makes the clearest the conformal family interpretation of the bulk field.
Consider the boundary representation of a bulk scalar in AdS 2 . We want the bulk field to be normalizable at infinity, so we are working in Lorentzian signature. According to [16] , we have
The Θ function is important in making the integral converge. Setting t = 0 for convenience and letting t = η z with η ∈ (−1, 1), the integral becomes
It is interesting to note that this is related to the descendants of O that appear in the OPE of two
where the c n are fixed by matching with the three-point function (we set c 0 = 1) and read 6 6 We used the identity Γ(z)Γ(z +
These are identical to the coefficients in (2.5), so we can write
Thus, in one dimension, the conformal descendants that appear in the OPE of two equal-dimension scalars are exactly encoded in an AdS 2 bulk field at radial position z = |∆t|. This implies e.g. that the four-point conformal block with pairwise equal external operator dimensions is equal to the bulk two-point function, a relation that can easily be checked.
Correlators and geodesic Witten diagrams
The relation (1.3) between the bulk field and the boundary OPE implies that we can use geodesic Witten diagrams to represent certain bulk or boundary correlators. We will be particularly interested in the three-point correlator
where y denotes a bulk point and x i denote boundary points. Using (1.3), this can be reduced to
which tells us that Φ γ AB (y) is a solution to the free bulk wave equation, with a δ-function source on the geodesic γ AB . Given that Φ More precisely,
The reason for the second equality is that the bulk-to-boundary propagator G b∂ , when evaluated between a point on the γ AB geodesic and one its endpoints, reads
Note that the three-point function Φ γ AB is is different, at the relevant order in the 1/N expansion, from the full three-point correlator of the bulk field and two boundary operators, in that the bulk field correlator ΦAB also receives double-trace contributions, which are essential in restoring bulk microcausality [25] . One can similarly use the relation between the bulk field and the boundary OPE to compute the four-point conformal partial wave
where P O denotes the projector onto the conformal family of the operator O. This is given by
Using the fact that Φ Note that one can also only use the relation between the bulk field and OPE once, to write the conformal partial wave as
i.e., the conformal partial wave is the Mellin transform of the bulk field sourced on the geodesic from A to B and evaluated on the geodesic from C to D. That the conformal block could be written in this way was emphasized in [24] . The relations above between bulk fields and boundary correlators have been derived for operators that are all spacelike separated from each other (otherwise, (1.3) does not hold). However, we may often be interested in correlators where some of the boundary operators are timelike separated. In this case, we can still use the geodesic Witten diagram prescription (which is defined in euclidean AdS) to compute correlation functions of the linearized bulk operator, provided we perform an appropriate analytic continuation to Lorentzian signature at the end of the calculation.
The best setup to exemplify this is perhaps AdS 2 , where the only possible separation of the boundary operators is timelike. We start by studying the correlator Φ γ AB = A(t 1 )B(t 2 )Φ (0) (z, t) . This correlator can be evaluated in a number of ways, the simplest of which is to use (2.8), which shows it is equal to the four-point conformal partial wave with insertions at t 1 , t 2 and
We thus have
where ∆ C = ∆ D , but ∆ A,B can be arbitrary. The one-dimensional conformal block 7 can be found e.g. in [35] 
Setting for simplicity t 1 = 0 and t 2 = ∞ on the plane, the anharmonic ratio becomes
It will be useful to write the end result in the following equivalent form
Our proposal is that this correlator equals the bulk field souced on a geodesic in euclidean AdS 2 , which is then analytically continued to timelike separation. The euclidean solution for the bulk field is given by (2.11), specialised to AdS 2 . When the A, B insertions are at t 1 = 0 and t 2 = ∞ on the plane -which corresponds to sources at τ E → ±∞ on the global AdS cylinder -the expression one obtains is [24] 7 We are using the definition (2.29) for the conformal block, which is slightly different from that of [35] . 8 Obtained by using the hypergeometric identity
where ρ, τ E are euclidean AdS 2 coordinates and d = 1. Transforming to euclidean Poincaré coordinates 9 , the solution reads
Upon the analytic continuation t E → it, this is identical to the correlator (2.22) for d = 1. Note that these manipulations only hold when mapping euclidean Poincaré AdS to euclidean global AdS; in Lorentzian signature, timelike geodesics do not reach the boundary, and the coordinate transformation from global to Poincaré coordinates is quite different (see footnote) and does not, in particular, map t = 0, ∞ to τ → ±∞, or (2.23) to (2.24).
The relation (2.24) and its higher-dimensional analogues (obtained by simply replacing t 2 E → |x| 2 ) yield the three-point function of one bulk and two boundary operators when the latter are inserted at x 1 = 0 and x 2 → ∞. It is also interesting to understand the dependence of Φ γ AB on the positions x 1,2 . The simplest way to proceed is by using (2.15) and entails going through the steps of the original computation of [23] of the four-point conformal blocks, which we review in appendix A. Since the conformal block only depends on the conformally invariant cross ratios of the four points A, B, C, D ρ = x (2.25)
we should be able to also express the normalizable bulk field sourced on the γ AB geodesic and evaluated along the γ CD one in terms of ρ, η. To find the expression, we rewrite the bulk field solution (2.24) sourced at the center of euclidean AdS (which corresponds to taking x 1 = 0 and x 2 = ∞) and evaluated along γ CD , with 26) and rewrite it in terms of the conformally invariant ratios (2.25). We obtain
The map between global and Poincaré euclidean AdS 2 is
By contrast, the map between Lorentzian Poincaré and global AdS 2 is [36] :
This is related to the conformal block, defined as
On the other hand, the relation (2.28) together with the fact that ξ = cos 2 ρ -where ρ is the radial coordinate in global AdS -identifies the radial depth (which is a function of the geodesic parameter) with a path in the plane of the CFT conformal ratios. Setting x 1 = 0, x 2 = ∞, x 4 = 1 and x 3 arbitrary, this can also be identified with the plane where the CFT lives.
So far, we have been reviewing the relation between conformal partial waves -which are Wightman functions -and normalizable bulk fields. Another four-point block of interest is the euclidean amplitude, which can be computed using the shadow operator formalism of [37] 
This computation has also been performed in [23] , with the result
Using hypergeometric identities, this can be turned into a particular linear combination of the usual conformal block and its "shadow", which corresponds to the exchange of a fictitious operator of dimension ∆ = d − ∆ that has the same eigenvalue of the conformal Casimir as O. Consistently with this, the euclidean amplitude above is related by a Mellin transform to an euclidean bulk field that is smooth in the center of AdS, but exhibits both normalizable and non-normalizable behaviour at infinity. Such a bulk field arises if one naively tries to derive the OPE relation (1.1) from the shadow operator formalism, which naturally reproduces the time-ordered three-point function in the CFT [38] . The expression one obtains is very similar to (1.1), except that the Bessel function J ν is replaced by the modified Bessel function K ν ∝ (I ν − I −ν ), which contains contributions from the conformal families of both of operator of dimension ∆ = 
Bulk fields in BTZ
So far, we have discussed the relation between the clasical bulk field in euclidean (global) AdS and boundary conformal blocks. We found that the bulk field that is normalizable at infinity (and thus has a source in the center of AdS -on a geodesic, in our case) is related via an integral transform to the usual conformal block, whereas the bulk field that is smooth in the interior (and thus has both normalizable and non-normalizable pieces at infinity) is related to the euclidean four-point conformal block, which is a particular linear superposition of the usual conformal block and its shadow.
This relation has given us a means to identify the radial direction in the bulk -as probed by a local bulk field -with the CFT plane, in particular with the plane of anharmonic ratios. Given that every point inside (euclidean) vacuum AdS lies on some boundary-anchored geodesic, we can relate the bulk field at any point in the interior to a boundary conformal block as in (2.30), by appropriately tuning the conformal ratios, all while staying in the euclidean regime. Note that while the relation (2.30) between a free field in AdS and the boundary conformal block is purely kinematical -and would thus hold in any CFT, including the Ising model -the requirement that Φ (0) represent a local bulk field in a weaklycoupled AdS quantum field theory necessitates that we work with a CFT with a large N expansion, where correlation functions of light operators factorize. As was nicely explained in [39] , the factorization property is naturally implemented by combining the light operators into a one higher-dimensional free field, and conformal symmetry of the CFT vacuum implies this field propagates in pure AdS.
What we are interested in, however, is the bulk field in non-trivial backgrounds. It is expected that the large N expansion will lead to factorization of the CFT correlators of light operators also around backgrounds whose energy scales with N , such as thermal backgrounds. In these cases, it is again natural to consider CFT operators that behave like approximately free and local bulk fields in a one-higher dimensional bulk. However, unlike around the CFT vacuum, where the construction of the bulk operators is basically fixed by conformal symmetry (and the wave equation they satisfy can be identified with the boundary Casimir equation, as we see from (1.3)), around non-trivial backgrounds it is rather difficult to justify an expression for the emergent bulk field and the particular wave equation it satisfies by only using CFT input. For example, while one can certainly use an HKLL-type construction for the bulk field, the procedure necessitates information from the bulk; in particular, it takes the radial direction as an input, which is not convenient for our purposes. We may be able to understand the free bulk field in a nontrivial background as a resummation of many vacuum diagrams, but so far this has not been done.
Recently, there has been progress in understanding thermalization in two-dimensional CFTs with a large central charge, c, and factorization of the associated light correlators. More precisely, [30, 31] showed that pure states obtained by acting with a "heavy" operator on the CFT vacuum (i.e., an operator whose dimension ∆ H ∝ c) effectively look thermal when probed by "light" operators (whose dimension is O(1)), and that correlation functions of the light operators in the heavy state factorize. These facts can then be used provide the needed CFT justification for constructing the free bulk field in the dual gravitational background, which is nothing but the three-dimensional BTZ black hole [28] . We will do so by using the methods of the previous section and the results of [31] to relate bulk fields in BTZ to heavy-light Virasoro conformal blocks in the dual CFT, and extract the meaning of the radial direction in the bulk from the CFT perspective.
Bulk fields and heavy-light conformal blocks
Our starting point is the work of [30, 31] , who showed that in two-dimensional CFTs with a large central charge, the correlation functions of light operators in pure states O H |0 created by the insertion of a heavy operator look effectively thermal and factorize. One particularly neat result proven in [31] is that the heavy-light conformal block, defined as the Virasoro conformal block where the dimensions of the various operators scale as
reduces to the global conformal block in a set of conformally-transformed coordinates w,w
which are given by
with T L,R defined in (1.4). Note that the global blocks are effectively evaluated at imaginary values of the relative conformal dimension, so these expressions must be defined via an appropriate analytic continuation. To show (3.2), [31] used the well-known fact that when all operators involved are light, the Virasoro block simply reduces to the global conformal block. While this is no longer true when some of the external operators are heavy, [31] found a trick -very special to two-dimensional CFTs -that allowed them to absorb away the large matrix elements of the heavy operators with the Virasoro modes via the conformal transformation (3.3). As a result, the computation of the heavy-light Virasoro block on the original CFT z plane is reduced to the computation of an all-light Virasoro block on the w plane, 10 In this section, we will be working in terms of holomorphic and anti-holomorphic dimensions h,h; the same scaling relations below hold for theh. We also use a slightly different normalization for the conformal blocks, in that G O (w)Ḡ O (w) = A(0)B(∞)P O C(w,w)D(1) global , which differs by a factor of (1 − w) −h C −h D from that in the previous section. The Virasoro conformal block is similarly defined as V O (z)V O (z) = A(0)B(∞)P O C(z,z), D(1) V ir , where the subscript indicates that we are summing over all the Virasoro descendants of O. 11 The particular signs in the exponents were obtained by relating the Poincaré coordinates (3.13) that correspond to an euclidean BTZ black hole to those corresponding to the CFT vacuum (which has r + = −i, r − = 0) keeping φ, t E fixed.
which equals a global conformal block. An interesting consequence of (3.2) is that now the heavy-light Virasoro block effectively satisfies a Casimir-type equation, due to its equality to a global conformal block in w coordinates.
The equality (3.2) can then be used to argue for thermality, as follows: the expectation value of two light operators in the heavy background (which equals the heavy-light four-point function) reduces in the lightcone OPE limit (in which correlators are dominated by the exchange of the identity Virasoro block) to the global identity block in the w background
The latter identity block is trivial, as it factorizes into the heavy and light contributions. Using the coordinate transformation (3.3), the light contribution becomes the thermal two-point function of the light operators in the CFT (t, φ) plane (with z = e i(t−φ) ). One can similarly handle arbitrary correlation functions of light operators in the background of two heavy ones. In the lightcone OPE limit, they become
(3.5) Using large N , the RHS factorizes into products O L O L w , each of which equals a thermal two-point function in the CFT plane. From this factorization, there immediately follows an HKLL-type prescription for the free bulk field Φ (0) in BTZ, which is nothing but the vacuum one, but in the w background
where K P is the AdS 3 bulk-to-boundary propagator in Poincaré coordinates [18] . The dependence on the particular BTZ background under consideration now comes from the fact that the map (3.3) between the CFT coordinates z and the w is state-dependent. The expression (3.6) can be brought to a more familar form by taking into account the identification (3.12) of the w ± coordinates to rewrite the boundary integral as being over over a single fundamental region covered by the t, φ coordinates, at the price of having to sum over the images K (n) P of the propagator under φ → φ + 2πn. This produces the well-known propagator in the BTZ background, and is thus equivalent to the usual HKLL prescription, if we carefully keep track of the range of integration 12 .
Using the equivalence between the HKLL formula in vacuum AdS and the inverse Mellin transform of the OPE, we should be able to relate the bulk field in the w plane to the global conformal family of O in the w plane. The latter can in principle be re-expressed in terms the z-plane global conformal families of various multitrace operators constructed from O and the stress tensor, using the map between the z-plane and w-plane Virasoro generators given in [31] . It would be interesting to relate this to the diagrammatic expansion of the heavy-light Virasoro block recently developed in [41] .
In the following, we will rather be interested in the classical bulk field in the black hole background, which is given by Φ (0) O H O H . This can be extracted using the relation between the heavy-light Virasoro block on the CFT plane and the global conformal block on the w plane, which is the geodesic integral/Mellin transform of the classical bulk field
Everything we have said in the previous section concerning the relation between bulk fields and boundary conformal blocks will still hold, with the CFT z-plane being replaced by the w-plane. The bulk field satisfies the vacuum Casimir equation in the w plane, which becomes the wave equation in BTZ. It corresponds to the field sourced on a geodesic in w coordinates. Upon transforming to black hole coordinates, this is the bulk field sourced on a backreacted geodesic. As before, the above relation will allow us to identify the radial BTZ coordinate with the conformal ratios on the w plane.
It is interesting to ask whether the procedure of extracting Φ (0) O H O H from the conformal block is state-independent -after all, it only appears to involve "undoing" the OPE integral of the light operators inside the block, without touching the heavy operators. It would be interesting to have a diagrammatic understanding of our procedure of "undoing" the OPE that would confirm state-independence.
Properties of the bulk solution in BTZ
In this subsection, we study solutions to the free wave equation in BTZ and find their corresponding counterparts in Poincaré and in global coordinates. We will be concentrating on the BTZ black hole with mass M = r 2 + + r 2 − and angular momentum J = 2r + r − , whose metric is given by
where φ ∼ φ + 2π. The BTZ metric is locally, but not globally, AdS 3 . This means that it can be put in the form
where the map between the Schwarzschild and Poincaré coordinates is [40] 
The left/right temperatures are defined as 13 We changed conventions as t → −t with respect to those in [40] .
Note that even before taking into account the φ identification, the φ, t coordinates only cover the right diamond of the w ± plane -thus, the corresponding state is thermal, with temperatures T L,R . The φ identification acts on the w ± coordinates as
and a fundamental region is shown in the picture below. For our applications, it will be useful to also consider the Euclidean BTZ black hole, whose metric is given by (3.8) with the replacement t = −it E . The metric is still real if r − is purely imaginary, and the solutions to the wave equation stay exactly the same up to some extra factors of i. Note that the left/right temperatures (3.11) are now complex conjugates of each other. The euclidean black hole is related via the following coordinate transformation to Euclidean Poincaré with coordinates z, w,w
The quotient now acts as w ∼ e 4π 2 T + w and the fundamental region is an annulus. Next, we consider the wave equation for a scalar field of mass m in this background. The equation of motion ( − m 2 )Φ = 0 is separable. Writing
the radial equation is
which is a Fuchsian equation with three regular singular points at ρ = r 
Introducing the quantity
the normalizable solution to the wave equation reads
The non-normalizable solution Φ nn is simply obtained from the above via the replacement ∆ → 2 − ∆. At the horizon, the solution needs to be analytically continued to a function of 1 − ξ. The singular points of the solution occur at ξ = 0 (r → ∞), ξ = 1 (r = r + ) and ξ → ∞ (r = r − ). The Euclidean solution is obtained via the analytic continuation t → −it E . The above bulk field solution in the euclidean black hole background is just the coordinate transformation of the bulk field sourced on a geodesic at the center of euclidean global AdS 
Noting that 1 2 (ω±κ) are the left/right conformal dimensions in the original CFT (t, φ) plane, we find that the relation (3.2) between the global conformal block and the heavy-light Virasoro block is consistent with the relation between the global conformal block and the bulk field (3.19) in pure AdS and the fact that BTZ is obtained from AdS 3 via a simple change of coordinates.
It is also interesting to ask what does the solution in global AdS that is smooth in the interior become after the map (3.20) to the black hole background. The smooth solution is (for h and using the replacement (3.21), then we find that Φ s ∝ e −iω(t+r ) , i.e. it is the purely ingoing solution. A simple hypergeometric transformaton
brings it to the same form as the integrand appearing in W E , provided we set d = 2, h g AB =h g AB . Thus, W E is the Mellin transform of the analytic continuation of the bulk field with ingoing boundary conditions at the horizon 15 , upon the replacement (3.21). That such a relationship exists is perhaps not surprising, in view of the fact that i) the finiteness of the euclidean correlator selects a unique combination of the usual and shadow conformal block, which can be written as the Mellin transform (2.32) of an euclidean bulk field that is smooth in the center of AdS, and ii) the BTZ bulk field with ingoing boundary conditions at the horizon is always related by the coordinate transformation (3.10) and analytic continuation to the smooth euclidean bulk field.
CFT analysis of the bulk solution
We have proposed that by looking inside a conformal block we can extract the bulk field at some radial position in the interior. So far, we have mapped the bulk field in BTZ to a bulk field in AdS, with the radial positions identified as (3.20) . In turn, the integral of the bulk field along a geodesic in global AdS is related to the global conformal block in the w plane as in (2.30) , with the identification between the global AdS radial coordinate (evaluated along the geodesic, with parameter λ/σ) and the boundary anharmonic ratios given in (2.28). Using (3.20) , this gives us the following identification between the BTZ radial coordinate and the conformal ratios in the w plane 15 Given that the effective global conformal dimensions (3.21) are imaginary, this statement should be accompanied by an appropriate analytic continuation, obtained e.g. by giving h g AB a small real part.
This can be translated to the λ affine parameter via σ = (1 + e 2λ ) −1 . The conformal ratios are
In turn, the global conformal block on the w plane is related via (3.2) to the heavy-light Virasoro block in the original CFT coordinates, and the conformal ratios in the w plane are related to specific functions of the z-plane conformal ratios and T L,R ; however, we will not need to make use of this relation in the present section -we will just be working on the w plane all along. Thus, the relation (4.1) lets us identify the radial coordinate of the bulk field with the CFT conformal ratios (both depend on the free parameter σ) and (2.30) allows us to relate the bulk field to the boundary conformal block. In the following, we discuss each of these separately.
Mapping the singular points
We would now like to use (4.1) to identify the singular points of the radial wave equation (located at r ± , ∞) with special points in the plane of conformal ratios of the CFT. We will fix the operator insertions at w 1 = 0, w 2 = ∞, w 4 = 1, which are fixed points under the map (3.3) and will vary w 3 ≡ w,w 3 ≡w in the complex plane. The euclidean regime will correspond tow = w , whereas in the Lorentzian regime the two are real and unrelated.
The mapping of the singular points is as follows:
• r → ∞ corresponds to ρ or η → ∞, which can be naturally achieved by w 3 → w 4 . In this case, the γ CD geodesic on which we are evaluating the bulk solution lies very close to the AdS boundary, and thus it is natural that it probes the respective singular point.
• r → r + can be achieved for either ρ → 0, η → 1, σ → 0, as long as ρ approaches zero faster than σ, or for η → 0, ρ → 1, σ → 1. This singular point can thus be reached from within the euclidean regime by sending w 3 → w 2 or w 3 → w 1 .
• r → r − requires that both ρ, η → 0. This corresponds to the double lightcone OPE limit w We can access different bulk regions by varying σ (or, equivalently, λ). The region outside the horizon has ξ −1 > 1, and can be reached for ρ, η belonging to the euclidean regimew = w . The region inside the horizon has ξ −1 < 1, which is an intrinsically Lorenzian regime 16 . In terms of the Poincaré coordinates z, w ± , this region corresponds to having w 2 (λ) = w + (λ)w − (λ) < 0 for some λ. Along the γ CD geodesic, we have
We assume that the boundary endpoints w 3,4 are spacelike separated; also, since we would like the geodesic to reach the boundary, we require that w 2 (λ) > 0 as λ → ±∞, which implies that w . Thus, we find that in order for the conformal block to explore the region behind the horizon, we need the points w 3,4 to belong to different quadrants of the w ± plane. Using the Lorentzian map (3.10) between the w plane and the CFT coordinates (t, φ), we note that one of the insertions in the conformal block will lie outside the region of the w plane that is covered by the original CFT coordinates; in the spacetime picture, this translates into the fact that one endpoint of the γ CD geodesic will belong to the second asymptotic region of the eternal BTZ black hole. Our construction is reminiscent of the work of [42] on probing the interior of the eternal BTZ black hole with geodesics anchored on its two opposite boundaries.
Note however that the BTZ black hole we are considering corresponds to a pure state in a singlesided CFT, which is rather different from the thermofield double state dual to the eternal black hole [43] and is not expected to have a second asymptotic region. Despite this, we find that in order to explore the region behind the horizon using the conformal block, we need to continue it analytically in the emergent w plane, and this effectively produces a second asymptotic region. Thus, in our construction, the region behind the horizon cannot be explored by CFT observers with access to a single boundary, and consequently they cannot predict the experience of an infalling observer that falls behind the horizon. Note also that the appearance, via analytic continuation, of the left quadrant of the w plane is effectively a geometrization of the entanglement between the light degrees of freedom around the heavy state and the rest of the CFT, as the expected doubling of the light operator algebra occurring [21] is represented as geometric entanglement between the left and right Rindler wedges of the w plane. 16 One can easily see that the minimum of the expression (4.1) is ( √ ρ + √ η) 2 and that in the euclidean regime, this quantity is always greater than one.
Mapping the monodromies
So far, we have identified the radial plane in BTZ with the plane of conformal ratios in the conformally transformed background w,w. As we showed in section 2.2, the conformally-invariant classical bulk field solution (3.19) is related via a Mellin transform to the global conformal block in the w plane
Here, Φ n is given by (3.19) and the global block is evaluated for general dimensions h Both the LHS and the integrand on the RHS of (4.5) are given by hypergeometric functions 18 , whose singular points have been identified according to the table in the previous subsection, and whose monodromies around the various singular points are known. We could thus try to match the monodromies on the two sides of (4.5).
Both hypergeometric functions have definite monodromies around r → ∞/w → 1. As w → 1, the monodromy of the LHS is simply 2h. The monodromy of the RHS comes from the singular point ξ → 0 and is λ-independent (thus, we can factor it out of the integral) and also equals 2h, as can be seen from (3.18) and (4.3) . Note that it is important, for the monodromies to match, that we work on the CFT w -plane; working on the z plane would multiply the monodromy of the conformal block by additional factors of T L,R , which would not match the radial bulk monodromy. In other words, the radial plane in BTZ is really identified with the w plane, and not the original CFT z plane. It is probably factorization that singles out the w coordinates.
For the remaining two singular points, neither side of (4.5) has definite monodromy, but rather is a known superposition of functions with definite monodromy. The monodromies of the conformal blocks on the LHS generally depend on h CD ; however, the only way that we could have the RHS monodromy depend on this relative dimension is to have the geodesic parameter λ itself transform as the singular points are taken around each other. This is reminiscent of the comments of [44] on the interplay between the monodromies of the conformal block and the geodesic Witten diagram representation of the latter. It would be very interesting to understand the connection between bulk and boundary monodromies more precisely; we leave a careful investigation of this issue to future work. 17 This can be shown as follows: The relation (1.3) between the CD OPE and the free bulk field Φ (0) still holds, as C, D are scalars. Inserting this into the conformal block, all we need to show is that Φ (0) AB equals (3.19) for arbitrary A, B. The bulk field is given the HKLL expression e.g. in [18] 
where x ± = x ± t. 18 The holomorphic part of the global block in two dimensions is:
The monodromy around the outer horizon appears to be particularly difficult to match, as reaching this singular point involves both a limit on w and on λ, but the geodesic parameter is integrated over. It may also be simpler to look instead at the relation between the bulk field with ingoing boundary conditions at the horizon and the euclidean conformal block, as the former at least has definite monodromy around the horizon. Note also that the global conformal block has branch cuts in the w plane. As discussed in e.g. [31] , these branch cuts are unphysical and should disappear from the full correlators.
Discussion
In this article, we analysed the relation between bulk fields in AdS and conformal blocks in the dual CFT by expanding on the previous works of [22, 23, 24] . Using [22] , we pointed out a new interpretation of the bulk field as a CFT operator that encodes the full conformal family of a given primary, i.e. the particular linear combination of primaries and descendants that appears in the OPE of two other operators. We also proposed the that the bulk field can be extracted from the boundary OPE via an inverse Mellin transform with respect to the relative conformal dimension. While this relation is purely kinematic, when applied to CFTs with a large N expansion it can extract the physical, approximately local dual bulk field at any point inside AdS. Also, it identifies the radial direction in AdS with the plane of CFT conformal ratios and the Casimir equation on the boundary with the bulk wave equation.
What is more interesting is that the relation between bulk fields and boundary conformal blocks continues to hold for BTZ black hole backgrounds dual to heavy pure states in the dual CFT [33] . This is a consequence of two facts: i) that heavy-light conformal blocks in CFT 2 equal the global conformal block in a set of conformally transformed coordinates, w, and ii) that BTZ is a quotient of pure AdS, and thus the corresponding bulk fields are related by a simple coordinate transformation. This relation allows us to write the bulk fields in BTZ as the inverse Mellin transform of the boundary heavy-light Virasoro block, and thus to identify the radial BTZ plane with the plane of CFT conformal ratios.
Whereas in the work of [31] , the conformally transformed coordinates -w -were used mostly as a trick for simplifying the calculation of the Virasoro block, from the point of our work -which is concerned with the radial behaviour of the bulk field in BTZ -the w plane appears to be physically important, for several reasons: i) factorization of the thermal CFT correlators, which was necessary in order to have a free bulk field, occurs in the w coordinates; ii) the heavy-light Virasoro conformal block, via its equality to the w-plane global block, satisfies a Casimir equation on the w plane, which becomes the wave equation for the free bulk field. This wave equation is background-dependent, as expected, because the map between the original CFT coordinates and the w ones itself is state-dependent; iii) the radial direction in the bulk is identified with the conformal ratios in the w plane; in particular, exploring the region behind the horizon of the black hole necessitates analytically continuing in the w plane to a region that is not covered by the original CFT coordinates; iv) finally, the monodromies of the bulk field around the singular points of the bulk wave equation are captured by the w -plane monodromies. In a certain sense, the role of the w plane is to geometrize the entanglement between the light degrees of freedom around the heavy state and the rest of the CFT, by representing it as entanglement of the w vacuum when seen from the point of view of the CFT Rindler-type coordinates. However, as we just saw, the w -plane appears to take on a life of its own when we ask questions that are natural from the bulk point of view.
Note that, while in the case of pure AdS, the relation between the bulk field and the boundary OPE was entirely kinematic, this is not true for the relation between the bulk field in BTZ and the associated boundary CFT operators, as the latter relies essentially on factorization in the c → ∞ limit. It would be very interesting to study the boundary representation of the bulk operator in BTZ in light of the diagrammatic representation of the heavy-light Virasoro block [41] and understand how to construct the bulk field in this nontrivial background from summing vacuum diagrams. While the end result will of course agree with the bulk field correlators we discussed, the advantage of such a construction would be that the w plane -which encodes information about the horizons -should emerge from this procedure. This may allow us to e.g. probe the interior of the BTZ black hole without having to invoke geodesics that stretch to the second, unphysical boundary of non-eternal BTZ.
It would also be very interesting to extend the connection between bulk fields and boundary conformal blocks to higher dimensions. The reason that studying singular points of the bulk wave equation and its associated monodromies may be a fruitful avenue is that the behaviour of free bulk fields in the vicinity of a horizon appears to be universal across many different black holes, as revealed by the works on hidden conformal symmetries [45, 46] .
Our starting point will be (2.14), which is also the expression that [23] where we defined the "hatted" conformal partial wave to be the partial wave (2.13) with some overall factors stripped
The u, v integrals simply represent the geodesic/Schwinger parameter integrals; the relation between the parameters u, v and our previous parameters λ, λ in (2.14) are u = e (A.7)
The expression (A.1) holds at spacelike separation, and the signature is Lorentzian.
Following [24] , we would like to re-express (A.1) as an integral over the bulk field sourced on the γ AB geodesic. Note that the numerator in λ + is linear in u. To obtain the bulk field souced on γ AB , we integrate over u. This is possible by using the Barnes integral representation of the hypergeometric However, note that we are in the special case in which γ = β +β , where the Appell is known to reduce to a single-variable hypergeometric. This can be easily shown by performing a coordinate transformation of the form .20) and then choosing a = x/(x − 1) (or a = y/(y − 1)). In any case, we do not perform the σ integral, obtaininĝ 
where the conformal ratios have been defined in (2.25) . This agrees with (30) in FGG and leads to the relation (2.30).
